An ultraviolet regularization and renormalization procedure of light-cone perturbation theory, which is suitable for a numerical application is discussed. The fourth order correction to the anomalous magnetic moment of the electron in the light-cone gauge is computed. Several regularizations of the associated light-cone gauge singularity are explored. Local counterterms are constructed to remove the quadratic light.-cone divergences from the formalism. Problems of the Discrete Light-Cone Quantization (DLCQ), beyond the one photon exchange, are also described.
Introduction
Perhaps the most outstanding problem of light-cone quantization is to com--pute the bound state spectrum and relativistic wavefunctions of hadrons at strong coupling. In quantum chromodynamics (QCD) one needs a practical computational method which not only determines the hadronic spectra, but also provides nonperturbative hadronic matrix elements. [l] In addition, it is particularly important to compute the relativistic wavefunctions needed to calculate structure functions, form factors and other hadronic ma--trix elements. The computation of parton distributions is perhaps among the most interesting applications of light-cone quantization since these distributions are related to. the Fourier transform of correlation functions along a light-like direction.
Thus parton distributions are "kinematic" observables given the equal light-cone time wavefunction.
A step in this direction has been undertaken by a method known as Discrete Light-Cone Quantization (DLCQ). S o f ar, the theory has been applied mainly to the elucidation of quantum field theories in one space and one time dimension.
In l+l dimensional &CD, for example, the full spectra and wavefunctions could be obtained, using the DLCQ method [2] . Th ese results, which required only a minimal numerical effort, are in agreement with other calculations when available.
The success of DLCQ, as well as a similar approach, known as Light-front TammDancoff method [3] , p rovide the hope for solving field theories in 3+1 dimensions.
However, the transition to dimensions higher than l+l is anything but straightforward. Some of the reasons are the following:
l Theories in l+l dimensions, quantized on the light-cone, are manifestly covariant. This is because the operator of certain boost transformations, which is a kinematic Poincare operator in light-cone quantization, is the only generator of continuous Lorentz transformations. This is generally not the case in higher dimensional field theories, since the underlying Poincare group includes certain rotation operators, which are dynamical in the light-cone formulation. Thus, the recovery of Lorentz invariant physical observables is a .
nontrivial problem in light-cone quantized theories beyond l+l dimensions (as for any form of Hamilton dynamics) [4] . l The Hamiltonian formulation of gauge theories in l+l dimensions is effectively gauge invariant [5] . H owever, in higher dimensions the regularization imposed in such a formalism will generally spoil gauge invariance, since the gauge field quanta become a dynamical degree of freedom of the theory. Unless a careful regularization is imposed, gauge invariant amplitudes are not recovered in the continuum limit.
l Simple theories like the Yukawa model or gauge theories in l+l dimensions are superrenormalizable. In 3+1 dimensions, however, a renormalization scheme to all orders in the coupling constant and masses must be imposed for these theories in order to ensure a consistent treatment of their short distance behavior. -_-. l The number of degrees of freedom in 3+1 dimensional theories is drastically enhanced compared to the l+l dimensional toy world.
Thus, a thorough investigation of light-cone properties which are characteris-tic for higher dimensions is very important.
The easiest way of addressing these issues is by analysing the perturbative structure of light-cone field theories first.
Perturbative studies cannot be substituted for an analysis of problems related to a nonperturbative approach. However, in order to prepare for upcoming nonperturbative studies, it is important to validate the renormalization methods at the perturbative level. A clear understanding of divergences in perturbation theory, as well as their numerical treatment, is an important step in such a program. [6] One objective of this paper is to explore some of these issues in the example of -the anomalous magnetic moment of the electron a = v to order (:)". In partic-_ ular, the discussion shall focus on a renormalization scheme which is also suitable for a numerical treatment. This requires the construction of certain counterterms -. on the local level in order to prevent round off errors.
The second chapter of this paper addresses problems associated with quadratic divergences in light-cone quantized gauge theories. It is shown that Feynman gauge leads to an infinite number of quadratic divergent LCPTh diagrams at one loop.
The situation is significantly better in light-cone gauge since in the continuum only the self-energy and the vacuum polarization display a quadratic divergence at one loop. However, a computation in A+ = 0 gauge req uires a careful regularization of the associated gauge singularity.
Most regulators reduce the small ZE behavior of the light-cone photon propagator to that present in Feynman gauge. Thus, an understanding of Feynman gauge is essential even if calculations are carried out in A+ = 0 gauge.
In chapter 3 the fourth-order correction of g-2 in the light-cone gauge is computed. Two different descriptions for the regularization of the Ic+ singularity are discussed. The sensitivity of physical observables to a finite truncation is investi-gated.
In chapter 4 ultraviolet regulators, which are commonly used for the purpose of ponperturbative calculations in DLCQ, are tested. It is shown that these regulators do not recover the correct answer for a = 9 in fourth order, unless special -counterterms are invoked.
Light-cone quantization in Feynman gauge
In any gauge different from light-cone gauge, canonical light-cone quantization is anything but straightforward. This is due to the fact that, after solving the A useful reference can be found in [7] [8] .
Feynman perturbation theory in Feynman gauge has the advantage that even off-shell Greens' functions exhibit the full Lorentz structure. This simple feature provides important consistency checks for light-cone quantized field theories, since manifest covariance is lost in this case. In addition, it helps to disentangle problems associated with singularities in the light-cone gauge propagator from problems intrinsic to light-cone quantization itself.
We start our discussion with the evaluation of the fourth order correction to the anomalous magnetic moment of the electron (F-2) * 2 m LCPTh. The Feynman diagrams and the corresponding light-cone time-orderings are displayed in Fig. 1 . a2 a = -0.327...,2.
-_ Also some sixth order contributions have also been calculated using LCPTh.
[9]
It should be emphasized that, in order to obtain this agreement, additional renormalization, beyond usual procedures, is necessary for the self-energy diagram 2 in Fig. 1 . This is because the one-loop self-energy exhibits a quadratic divergence in light-cone quantization, which is rather atypical for gauge theories [12] . The _ "method of alternate denominators" has been suggested as a possible solution to this problem [13] . H owever, in the Appendix A we show that this method must be used-with caution if one wants to recover the usual Feynman answer for general perturbative processes.
Whereas the problem of the one-loop quadratically divergent self-energy occurs also in A+ = 0 gauge, any gauge different from light-cone gauge, such as Feynman gauge, poses extra problems in light-cone quantization.
To see this, we consider the "jellyfish graph" (Fig. 2 ) with n(n 2 0) external photons inserted into the loop. For any n we find a quadratic divergence in this diagram [14] . Furthermore, extra logarithmic divergences occur, which can be seen by power counting of the diagram in Fig. 3 [15] [16] .
In the following we demonstrate that extra divergences in light-cone field theories can be associated with certain non-covariant terms appearing in the light-cone formalism. As an example, we investigate the n = 0 jellyfish graph In=0 (which is actually just the one loop self-energy) with momentum p = (p+, p-, pl). We leave the explicit calculation to Appendix B and quote the result obtained after mass In the following we want to imply that the integral J dX2p(X2) = 0 is always taken, -i.e. one Pauli-Villars subtraction is assumed. In the example of above we find .
The quadratic divergence can be identified with the term C in (2.1) and is therefore associated with the non-covariant structure in the self-energy.
We note that the occurrence of non-covariant terms of the form C$ is not where C is independent of the external momenta. Hence, we define the null subtraction as a procedure where the "bad" component of a quadratically divergent graph or subgraph is subtracted for vanishing external (with respect to the divergent graph or subgraph) p-and pl momenta, while keeping p+ > 0. In the above example we obtain for the null subtraction (2.8). Using the Gordon-decomposition, Eq.(2.10) can be rewritten as answer also in the case of the n = 1 jellyfish graph.
If we take those results, together with the fact that the one-loop Ward identities are fulfilled for the good components in LCPTh, one can say that the null subtraction preserves the Ward identities at one-loop (for external fermion lines on shell ).
It should also be mentioned that we have checked the null subtraction method for the case of the two-loop rainbow self-energy in 
respectively. Fig. 6 shows the result of the numerical integration for different components. The result is that the null subtraction eliminates the quadratic divergence -and restores a covariant form within the error of the calculation. . different from the first one exhibits this feature. This is why, even in light-cone gauge, the existence of ghosts cannot be excluded in general [35] . In Table 1 we prese_nt the result for the computation of 9 for finite E, using the prescription in 1. It is straightforward to show that the local cut-off violates gauge invariance already at the tree-level [39] .
Other theta-function cut-offs, which have been proposed [40] , are also doomed to failure, unless a non-covariant counterterm is invoked. The reason is that they depend on momenta, i.e. derivatives only. However, a gauge invariant regulator would require a functional dependence on covariant derivatives instead.
In Appendix C we demonstrate the implementation of dimensional regularization on the light-cone.
Summary
We have shown that light-cone quantization in Feynman gauge leads to an infinite number of quadratically divergent LCPTh diagrams at the one-loop level.
The problem occurs for self-energy diagrams where n-photons (n 2 0 ) are inserted into the loop ("n-photon jellyfish problem"). We constructed a local representation of non-covariant counterterms, called the "null-subtraction", in order to remove _ those divergences from the formalism.
In principle, also light-cone quantization in light-cone gauge exhibits this feature for all n (and not only for n=O). This is due to the fact that most regularizations of-the light-cone gauge-singularity reduce the small x behavior of the photon propagator to that in Feynman gauge. In this case, the null subtraction can be used in the same way.
In chapter 3 we evaluated the fourth order correction to the anomalous magnetic moment of the electron in light-cone gauge and reproduced the analytic Feynman gauge result by Petermann. It was shown that a finite truncation of the k+ N 0 region can lead to a significant modification of the continuum result.
Finally, several ultraviolet cut-offs, which are commonly used in DLCQ, were tested in perturbation theory. It was shown that those regulators do not recover the correct continuum field theory in the A + oo limit. The second term is the alternate denominator (a.d.) subtraction which is designed to cancel the quadratic divergence in the first term as well as perform the mass renormalization (see Fig. 11 ). Th e a.d. term is obtained by replacing the initial energy pf in the energy-denominator of the quadratically divergent subgraph by its adjacent energy pl which is, in case of the self-energy diagram in Fig. 4 , equal to the mass-shell energy fi; (see below).
Obviously, the quadratic divergence is subtracted in this procedure since it is independent of the incoming energy. However, it remains to be shown that the mass subtraction of Fig. 11 is carried out correctly, using the a. In the following we want to imply that the integral _ JdX2p(X2) = 0 is always taken, i.e. one Pauli-Villars subtraction is assumed.
LCPTh yields for the y-and yl component for the n = 0 jellyfish graph
where the "good" vectors p = (p+, 0, pl), h = (k+, 0, kl) have been introduced.
-
The quantity x is given by the relative momentum carried by the virtual photon, i.e. z = $. Rewriting the denominator in terms of the four momentum p2 z p+p--pt and shifting integration variables yields 
we obtain,
Obviously, the last integral corresponds to the integral in Eq.(7.3) and is therefore part of the covariant answer.
However, the first integrand in Eq.(7.6) is non-covariant and leads to J d2 kl log m2+kt X2 + k; (7.7) .
The total answer becomes e2 y+ ' Sm + In=0 =--
where Sm denotes the mass correction. Performing mass renormalization yields e2 In=0 = s
Thus, we obtain the form of the self-energy in Eq.(7.1) (7.9). [9] A.Langnau, S.J.Brodsky, SLAC-PUB-5667.
[lo] A. Petermann, Helv. Phys. Acta 30, 407 (1957) .
[ Dirac numerator for the fermion lines. In order to make the trace non-zero, all external photon lines must provide a y-vertex to the numerator. Thus, the problem does not occur in A+ = 0 gauge for n 2 1.
[15] In Feynman gauge those divergences cancel if all time-orderings are summed.
In the case of light-cone gauge, those divergences cancel identically due to properties of the Dirac trace.
[16] In the particular example of (g-2) t o f ourth order, the jellyfish problem for n 2 1 does not occur if the spin flip amplitude of the J+ current is used for the extraction of the anomaly. This is due to the fact that y+ matrices cannot flip helicity.
[I7f For an explicit two-loop example see M.Burkardt and A.Langnau, Phys.Rev.w,3857
(1991) .
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[19] The tensor method can be used for the one-loop self energy in A+ = 0 gauge as well, as long as the replacement (2.5) is restricted to the g," piece in the propagator only.
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Chang and T. [24] In this case the null subtraction would subtract zero.
[25] Problems should not occur in this case since fermion light-cone energies do not contribute to the Dirac numerator because of y+y+ = 0. In the case of the good current we obtain Fr + F2 = -250.1 f 1.3. This is to be compared with Fr + F2 = -248.5 f 1.5. In this calculation we used a Pauli-Villars cut-off A = 10m and a photon mass X = 10T4m, where m denotes the electron mass. For numerical reasons we chose g = 10.
[27] It should b e noted that no overlapping quadratic divergences occur in this ~-_ example. This is because y-insertions are necessary at 2 and 3 in order to make both jellyfish diagrams quadratically divergent. However, this enforces y+ components at 1 and 4 (in Feynman gauge ) which leads to a zero result because only y+ components contribute to the fermion lines in this case.
This result is consistent with the null subtraction.
_ [28] The case considered here involves incoming external photons only. If some of the photons are outgoing, the corresponding light-cone momenta q+ must be set negative in (2.16).
[29] G.Leibbrandt , Rev. Mod. Phys.59,1067( 1987).
[40] H.C. Pauli, M. K a uza, 1 S. Brodsky, private communication.
[41] In order to regularize this expression, we want to assume that the Pauli Villars condition S dX2p(X2) = 0 has been imposed.
[42] Th e ro p bl em does not occur in the self-energy diagram 1 of Fig. 1, because the double instantaneous diagram does not contribute, since the J+ current is computed here.
[43] In light-cone gauge the situation is more complicated, due to extra terms of -the form .
TMP-4 + (P-4/v $ P(P2 -m2) 77k 77k *
We see that even single instantaneous graphs give rise to a mass subtraction -.
in the a.d. method even though Sm is gauge invariant.
[44] This is because the difference is independent of the photon mass.
[45] J. Collins, "Renormalization "(Cambridge University Press, Cambridge 1984))page 66.
[46] This is after multiplication with a term proportional to E from the one loop anomaly.
[47] An ultraviolet cut-off A = 1OOOm was used, where m denotes the electron mass. The residual A-dependence is within the error (a) of the calculation.
For convenience g = 10 was chosen. m.s. associated with a line indicates that the corresponding fermion light-cone energy was taken on-shell. vpk, -^ -means that only the gauge piece of the corresponding photon propagator was used in this case. 
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